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Poincare´ lemma and global homotopy formulas with sharp
anisotropic Ho¨lder estimates in q-concave CR manifolds
Christine LAURENT-THIE´BAUT
In this paper we prove sharp anisotropic Ho¨lder estimates for the local solutions of the
tangential Cauchy-Riemann equation in q-concave CR manifolds and we derive the same
kind of estimates for global solutions when the manifold is compact.
It is wellknown since the works by Folland and Stein [4] that the sharp Ho¨lder estimates
for the solutions of the ∂b-equation have to be ansotropic, the complex tangential directions
toM playing a special role. We consider two types of anisotropic Ho¨lder spaces the spaces
Ap+α and the spaces Γp+α, which are defined respectively in Section 2 and in Section 3.
Our first result is a Poincare´ Lemma for the ∂b operator :
Theorem 0.1. Let M be a q-concave generic CR submanifold of class C3 and of real
codimension k of an n-dimensional complex manifold X and z0 a point in M . For any
open neighborhood U of z0 in M , there exists an open neighborhood V ⊂ U of z0 and, for
each r such that 1 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k, an operator
Tr : Cn,r(U)→ Cn,r(V )
with the following properties:
(i)f|V = ∂bTrf + Tr+1∂bf , for 1 ≤ r ≤ q − 2 or n− k − q + 1 ≤ r ≤ n− k;
(ii)f|V = ∂bTrf , if r = q − 1 and ∂bf = 0;
(iii) if f ∈ Ap+αn,r (U), 0 < α < 1, then Trf ∈ A
p+1+α
n,r (V ) if M is of class C
[ p+1
2
]+3 and
1 ≤ r ≤ q − 1 or if M is of class C[
p
2
]+3 and n− k − q + 1 ≤ r ≤ n− k;
(iv) if f ∈ Γp+αn,r (U), 0 < α < 1, then Trf ∈ Γ
p+1+α
n,r (V ) if M is of class Cp+4 and
1 ≤ r ≤ q − 1 or if M is of class Cp+2 and n− k − q + 1 ≤ r ≤ n− k.
The operators Tr are the operators defined in [2]. Theorem 0.1 is already proved in
[2] (cf. Theorem 5.9) with Cl estimates, it is derived from a local homotopy formula
(cf. Proposition 1.1 of the present paper). The novelty here are the anisotropic Ho¨lder
regularity properties of the operators Tr, which are proved in Sections 2 and 3.
The second result is a global homotopy formula with sharp anisotropic Ho¨lder estimates
for compact CR manifolds.
A.M.S. Classification: 32V20.
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Theorem 0.2. Let E be an holomorphic vector bundle over X and M be a compact,
C∞-smooth, q-concave generic CR submanifold of real codimension k of an n-dimensional
complex manifold X. Assume the ∂b-cohomology group H
n,r(M) vanishes for some r,
0 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k, then there exist continuous linear operators
As : Cn,s(M,E)→ Cn,s−1(M,E), s = r, r + 1
such that:
(i) For all f ∈ Cn,r(M,E) with ∂bf ∈ Cn,r+1(M,E),
f =
{
A1∂bf if r = 0 ,
∂bArf +Ar+1∂bf if r ≥ 1
(0.1)
(ii) For all p ∈ N and 0 < α < 1
As(A
p+α
n,s (M,E)) ⊂ A
p+1+α
n,s−1 (M,E)
and As is continuous as an operator between A
p+α
n,s (M,E) and A
p+1+α
n,s−1 (M,E);
(iii) For all p ∈ N and 0 < α < 1
As(Γ
p+α
n,s (M,E)) ⊂ Γ
p+1+α
n,s−1 (M,E)
and As is continuous as an operator between Γ
p+α
n,s (M,E) and Γ
p+1+α
n,s−1 (M,E).
The operators Ar are derived from the local operators Tr by the globalization pro-
cess from [7] and [3]. Then Theorem 0.2 follows immediately from Theorem 1.2 and the
estimates in Sections 2 and 3.
The Poincare´ Lemma for the ∂b operator with sharp anisotropic Ho¨lder estimates is
new in the case of CR manifolds of arbitrary codimension, it was proved first for the
Heisenberg group and more generally for strictly pseudoconvex hypersurfaces by Folland
and Stein [4]. A related result in CR manifolds of arbitrary codimension is a local almost
homotopy formula with sharp anisotropic Ho¨lder estimates proved by Polyakov in [9], but
there is a mistake in the construction of the barriers which is corrected in [10] and we
hope that the same anisotropic estimates hold for his new kernels.
The global result is not totally new, it is proved in [11] even for abstract CR manifolds
for the anisotropic Sobolev spaces (Sobolev version of theAp+α spaces) and for the Folland-
Stein spaces Γp+α if r 6= q − 1. The proof is based on L2 theory for the b operator and
the Hodge decomposition theorem which gives a global homotopy formula in degree r but
only if the CR manifold M is (r + 2)-concave.
Our result contains the important case where M is only 2-concave and r = 1, which
may be useful in the study of the embeddability of compact CR manifolds (in [11], results
in degree 1 need the manifold to be 3-concave).
1 Preliminaries and definitions
Let (M,H0,1M) be a generically embeddable abstract compact CR manifold of class C
∞
and E : M → M ⊂ X be a C∞-smooth CR generic embedding of M in a complex
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manifold X, thenM is a compact CR submanifold of X of class C∞ with the CR structure
H0,1M = dE(H0,1M) = TCM ∩ T0,1X and the tangential Cauchy-Riemann operator ∂b
induced by the Cauchy-Riemann operator ∂ from the complex manifold X.
An generic CR manifold M is said to be q-concave if its Levi form at each point admits
at least q negative eigenvalues in all directions.
Assume M is q-concave, then M is also q-concave and we may apply the results in [2]
and [7], [3] on local estimates and global homotopy formulas for the tangential Cauchy-
Riemann operator.
First let us recall the definition of the usual Ho¨lder spaces of forms. If D is relatively
compact domain in X, then
- Cα(D∩M), 0 ≤ α < 1, is the set of continuous functions on D∩M which are Ho¨lder
continuous with exponent α on D ∩M , if α > 0. We set
‖f‖α = sup
z∈D∩M
|f(z)|+ sup
z,ζ∈D∩M
z 6=ζ
|f(z)− f(ζ)|
|z − ζ|α
(1.1)
- Cl+α(D∩M), l ∈ N, 0 ≤ α < 1, is the space of functions of class Cl on D∩M , whose
derivatives of order l are in Cα(D ∩M).
The Ho¨lder space Cl+α∗ (D ∩M), l ∈ N, 0 ≤ α < 1, is then the space of continuous
forms on D ∩M , whose coefficients are in Cl+α(D ∩M).
In [2] the following result is proved
Proposition 1.1. Let M be a q-concave generic CR submanifold of X of class C∞. For
each point in M , there exist a neighborhood U and linear operators
Tr : C
0
n,r(M)→ C
0
n,r−1(U) , 1 ≤ r ≤ q and n− k − q + 1 ≤ r ≤ n− k ,
with the following two properties :
(i) For all l ∈ N and 1 ≤ r ≤ q or n− k − q + 1 ≤ r ≤ n− k,
Tr(C
l
n,r(M)) ⊂ C
l+1/2
n,r−1(U )
and Tr is continuous as an operator between C
l
n,r(M) and C
l+1/2
n,r−1(U).
(ii) If f ∈ C1n,r(M), 0 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k, has compact support
in U , then on U ,
f =
{
T1∂bf if r = 0 ,
∂bTrf + Tr+1∂bf if 1 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k .
(1.2)
and in [7] and [3] we have derive from the previous proposition a global homotopy formula
by mean of a functional analytic construction:
Theorem 1.2. Let E be an holomorphic vector bundle over X and M be a compact q-
concave generic CR submanifold of X of class C∞. Then there exist finite dimensional
subspaces Hr of Z
∞
n,r(M,E), 0 ≤ r ≤ q − 1 and n − k − q + 1 ≤ r ≤ n − k, where
H0 = Z
∞
n,0(M,E), continuous linear operators
Ar : C
0
n,r(M,E)→ C
0
n,r−1(M,E), 1 ≤ r ≤ q and n− k − q + 1 ≤ r ≤ n− k
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and continuous linear projections
Pr : C
0
n,r(M,E)→ C
0
n,r(M,E) , 0 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k ,
with
ImPr = Hr , 0 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k , (1.3)
and
C0n,r(M,E) ∩ ∂bC
0
n,r−1(M,E) ⊆ KerPr , 1 ≤ r ≤ q − 1 and n− k − q + 1 ≤ r ≤ n− k,
(1.4)
such that:
(i) For all l ∈ N and 1 ≤ r ≤ q or n− k − q + 1 ≤ r ≤ n− k,
Ar(C
l
n,r(M,E)) ⊂ C
l+1/2
n,r−1(M,E)
and Ar is continuous as an operator between C
l
n,r(M,E) and C
l+1/2
n,r−1(M,E).
(ii) For all 0 ≤ r ≤ q − 1 or n − k − q + 1 ≤ r ≤ n − k and f ∈ C0n,r(M,E) with
∂bf ∈ C
0
n,r+1(M,E),
f − Prf =
{
A1∂bf if r = 0 ,
∂bArf +Ar+1∂bf if 1 ≤ r ≤ q − 1 or n− k − q + 1 ≤ r ≤ n− k .
(1.5)
We have now to recall the main steps of the construction of the local kernels defining
the operators Tr.
Let M be a generic CR manifold of class C3 in Cn, z0 a point in M and U0 an open
neighborhood of z0 in C
n and ρ̂1, . . . , ρ̂k some functions of class C
3 from U0 into R such
that
M ∩ U0 = {z ∈ U0 | ρ̂1(z) = · · · = ρ̂k(z) = 0}
and satisfying ∂ρ̂1(z) ∧ · · · ∧ ∂ρ̂k(z) 6= 0 for z ∈M ∩ U0.
Let C > 0 be a fixed constant, we set, for j = 1, . . . , k,
ρj = ρ̂j + C
k∑
ν=1
ρ̂2ν
ρ−j = −ρ̂j + C
k∑
ν=1
ρ̂2ν .
(1.6)
We define I as the set of all subsets I ⊂ {±1, . . . ,±k} such that |i| 6= |j| for all i, j ∈ I
with i 6= j. For I ∈ I, |I| denotes the number of elements in I, then I(l), 1 ≤ l ≤ k, is
the set of all I ∈ I with |I| = l and I ′(l), 1 ≤ l ≤ k, is the set of all I ∈ I of the form
I = (i1, . . . , il) with |iν | = ν for ν = 1, . . . , l.
If I ∈ I and ν ∈ {1, . . . , |I|}, then iν is the element with rank ν in I after ordering I
by modulus. We set I(ν̂) = I \ {iν}.
If I ∈ I, then
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sgnI = 1 if the number of negative elements in I is even
sgnI = −1 if the number of negative elements in I is odd.
Let (e1, . . . , ek) be the canonical basis of R
k, set e−j = −ej for every 1 ≤ j ≤ k. Let
I = (i1, . . . , il) be in I(l), 1 ≤ l ≤ k, set
∆˜I = {x =
l∑
j=1
λjeij |λi ≥ 0, 1 ≤ i ≤ l,
l∑
i=1
λi = 1}.
We identify the abstract simplex ∆I with the geometric simplex ∆˜I by setting x(λ) =∑l
j=1 λjeij for all λ ∈ ∆I
For all I ∈ I ′(k), we denote by I∗ the multi-index (i1, . . . , ik, ∗), where I = (i1, . . . , ik),
and by I ′(k, ∗) the set of all multi-indexes I∗, with I ∈ I ′(k). We set ρ∗ =
1
k (ρ1+ · · ·+ρk)
and ρλ = λ1ρi1 + · · ·+ λkρik + λ∗ρ∗ for λ = (λ1, . . . , λk, λ∗) ∈ ∆I∗.
We denote by D a relatively compact open subset of U0 and for I ∈ I, I = (i1, . . . , i|I|),
we define
DI = {ρi1 < 0} ∩ · · · ∩ {ρi|I| < 0} ∩D
D∗I = {ρi1 > 0} ∩ · · · ∩ {ρi|I| > 0} ∩D
SI = {ρi1 = 0, . . . , ρi|I| = 0} ∩D
ΓI = {ρi1 = · · · = ρi|I|} ∩DI
Γ∗I = {ρi1 = · · · = ρi|I|} ∩D
∗
I .
These manifolds are oriented as follows : DI and D
∗
I as C
n for all I ∈ I, S{j} as the
boundary of D{j} for j = ±1, . . . ,±k, SI as the boundary of SI(c|I|) ∩D{i|I|} for all I ∈ I,
|I| ≥ 2, ΓI such that SI = ∂ΓI and M ∩D as SI with I = {1, . . . , k}.
If M is q-concave, it follows from Lemma 3.1.1 in [1] that we can choose the constant
C in (1.6) such that the functions ρj , −k ≤ j ≤ k, j 6= 0, have the following property: for
each I ∈ I ′(k) and every λ ∈ ∆I , the Levi form of the defining function ρλ of M in the
direction x(λ) has at least q+k positive eigenvalues on U ′ ⊂⊂ U0. Then using the method
developed in section 3 of [5] and the results in [6], we can construct, for each λ ∈ ∆I a
Leray section in the direction x(λ), which has some holomorphy properties and depends
smoothly on λ and we get on U ′×U ′ \∆(U ′), U ′ ⊂⊂ U0, some Cauchy-Fantappie´ kernels
CI∗(z, ζ) =
∫
λ∈∆I∗
KI∗(z, ζ, λ)
for each I ∈ I ′(k) (cf.[2]) such that, if we set RM =
∑
I∈I′(k) sgn(I)CI∗, the associated
integral operators Tr satisfy the homotopy formula (ii) of Proposition 1.1 with U = D∩M .
We can describe the singularity of the kernels CI∗ in the following way.
A form of type Os (or of type Os(z, ζ, λ)) on DI × D
∗
I × ∆I∗ is, by definition, a
continuous differential form f(z, ζ, λ) defined for all (z, ζ, λ) ∈ D
∗
I ×DI ×∆I∗ with z 6= ζ
such that the following conditions are fulfilled :
1. All derivatives of the coefficients of f which are of order 0 in z, and of order ≤ 1 in
ζ and of arbitrary order in λ are continuous for all (z, ζ, λ) ∈ D
∗
I ×DI ×∆I∗ with
z 6= ζ.
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2. Let ∇κζ , κ = 0, 1, be a differential operator with constant coefficients, which is of
order 0 in z, of order κ in ζ and of arbitrary order in λ. Then there is a constant
C > 0 such that, for each coefficient ϕ(z, ζ, λ) of the form f(z, ζ, λ),
|∇κζϕ(z, ζ, λ)| ≤ C|ζ − z|
s−κ
for all (z, ζ, λ) ∈ DI ×D
∗
I ×∆I∗ with z 6= ζ.
Following the calculations in [2], we get
[KI∗(z, ζ, λ)]degλ=|I| ∧ dz1 ∧ · · · ∧ dzn =
∑
0≤m≤k
i1,...,im∈I
O|I|+1−m
Φn
∧ ∂ρi1(z)∧ · · · ∧ ∂ρim(z). (1.7)
and
[∂zKI∗(z, ζ, λ)]degλ=|I| ∧ dz1 ∧ · · · ∧ dzn =
∑
0≤m≤k
i1,...,im∈I
O|I|−m
Φn
∧ ∂ρi1(z)∧ · · · ∧ ∂ρim(z). (1.8)
The support function associated to the Leray section used to construct the kernels CI∗
satisfies for ζ, z in a neighborhood of U ′ and λ ∈ ∆I∗
Φ(z, ζ, λ) = 2
k∑
j=1
∂ρλ
∂ζj
(ζ)(ζj − zj) +O2 (1.9)
and
Re Φ(z, ζ, λ) ≥ ρλ(ζ)− ρλ(z) + γ|ζ − z|
2. (1.10)
Consequently, if XC denotes a complex tangent vector field to M , then
Xζ
C
Φ(z, ζ, λ) = O1 and X
z
CΦ(z, ζ, λ) = O1. (1.11)
Moreover the function Φ(z, ζ, λ) is of class C∞ in its first variable z and of class Cl−1 in
its second variable ζ if the manifold M is of class Cl.
In the next sections we shall prove that in fact the operators Tr and Ar, 1 ≤ r ≤ q,
satisfy sharp anisotropic estimates.
2 First anisotropic estimates
If M is a generic CR submanifold of a complex manifold X, the tangent bundle to M
admits a maximal complex subbundle called the complex tangent bundle toM and denoted
by HM . It is related to the CR structure of M by HM = TM ∩ (H0,1M +H0,1M).
Let us define now some anisotropic Ho¨lder spaces of forms which specify the complex
tangent directions:
- Aα(D ∩M), 0 < α < 1, is the set of continuous functions on D ∩M which are in
Cα/2(D ∩M).
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- A1+α(D ∩M), 0 < α < 1, is the set of functions f such that f ∈ C(1+α)/2(D ∩M)
and XCf ∈ C
α/2(D ∩M), for all complex tangent vector fields XC to M . Set
‖f‖Aα = ‖f‖(1+α)/2 + sup
‖XC‖≤1
‖XCf‖α/2 (2.1)
- Ap+α(D ∩M), p ≥ 2, 0 < α < 1, is the set of functions f of class C[p/2] such that
Xf ∈ Ap−2+α(D ∩M), for all tangent vector fields X to M and XCf ∈ A
p−1+α(D ∩M),
for all complex tangent vector fields XC to M .
The anisotropic Ho¨lder space of forms Ap+α∗ (D ∩M), p ≥ 0, 0 < α < 1, is then the
space of continuous forms on D ∩M , whose coefficients are in Ap+α(D ∩M).
This section is devoted to the study of the continuity properties with respect to these
spaces of the operators Tr and Ar, 1 ≤ r ≤ q and n − k − q + 1 ≤ r ≤ n − k, defined in
the previous section when M is q-concave.
We first prove some estimates for the operators defined by the local kernels from the
previous section. For this we may assume that M is embedded in Cn. To clarify the
exposition, we introduce a new kind of operators.
Definition 2.1. Let m ∈ N, ǫ ∈ {−1, 0, 1}, δ > 0 and I ∈ I ′(k). An operator of type
(m, ǫ, δ) is, by definition, a map
E : C0n,∗(ΓI)→ C
∞
n,∗(ΓI)
such that there exist
• an integer κ ≥ 0
• a differential form Ê(z, ζ, λ) of type O|I|+1−2n+2κ+m+ǫ on ΓI ×D
∗
I ×∆I∗ such that
for all f ∈ C0n,∗(ΓI)
Ef(ζ) =
∫
(z,λ)∈ΓI×∆I∗
f˜(z) ∧
Ê(z, ζ, λ) ∧Θ(z)
(Φ + δ)κ+m(z, ζ, λ)
,
wheref˜ ∈ C00,∗(ΓI) is the form with
f(z) = f˜(z) ∧ dz1 ∧ · · · ∧ dzn,
and Θ = 1, if m = 0, and either Θ = ∂ρi1 ∧ · · · ∧ ∂ρim or Θ = ∂ρi1 ∧ · · · ∧ ∂ρim , if
m ≥ 1 with i1, . . . , im ∈ I.
We consider the operators C˜I∗, I ∈ I
′(k), defined by
C˜I∗f(ζ) =
∫
z∈D∩M
f(z) ∧ CI∗(z, ζ) =
∫
(z,λ)∈D∩M×∆I∗
f(z) ∧KI∗(z, ζ, λ) (2.2)
for f ∈ C1n,r(D), 0 ≤ r ≤ n− k. Using Stokes formula we get
C˜I∗f(ζ) =
∫
(z,λ)∈ΓI×∆I∗
∂f(z)∧KI∗(z, ζ, λ) + (−1)
n+r
∫
(z,λ)∈ΓI×∆I∗
f(z)∧ ∂zKI∗(z, ζ, λ).
(2.3)
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By (1.7) and ((1.8) the kernel C˜I∗ is the sum of an operator of type (m, 1, 0) and of an
operator of type (m, 0, 0), 0 ≤ m ≤ k, and if XC denotes a complex tangent vector field
to M , then by (1.11) the kernels Xζ
C
C˜I∗ and X
z
C
C˜I∗ are the sum of an operator of type
(m, 0, 0) and of an operator of type (m,−1, 0), 0 ≤ m ≤ k.
To prove the anisotropic estimates we need the following spaces and norms on differ-
ential forms :
- Bβ∗ (ΓI), β ≥ 0, is the space of forms f ∈ C
0
∗(ΓI \M) such that, for some constant
C > 0,
‖f(z)‖ ≤ C[dist(z,M)]−β , z ∈ ΓI ,
where dist(z,M) is the Euclidean distance between z and M . Set
‖f‖β = sup
z∈ΓI
(
‖f(z)‖[dist(z,M)]β
)
(2.4)
for β ≥ 0 and f ∈ Bβ∗ (ΓI).
It follows from the characterization of Ho¨lder continuous functions by mean of the
Poisson integral that, if f ∈ Cα∗ (D ∩M), 0 < α < 1, there exists for each I ∈ I
′(k) a
continuous form fI on ΓI such that fI |M = f and XIfI ∈ B
1−α
∗ (ΓI), for all vector fields
XI tangent to ΓI .
Lemma 2.2. If f ∈ Bβ∗ (ΓI), 0 ≤ β < 1, has compact support in D and if EI is an operator
of type (m, ǫ, δ), then there exists a constant C > 0, independent of δ, such that for ζ ∈ D∗I
|EIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
1/2−β , if ǫ = 0
|EIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
−β , if ǫ = −1
|EIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
1−β , if ǫ = 1
Proof. It follows from [5] and [2] that, after integration in λ, an operator of type (m, ǫ, δ)
is controled, since n ≥ 3, by∫
ΓI
|fI | |σ ∧ dρI∧
s
ν=1dtν |
(|ρI |+ d+ δ + |ζ − z|2)Π
s
ν=1(|tν |+ d+ δ + |ζ − z|
2)1+1/s|ζ − z|2n−k−s−3−ǫ
,
with 1 ≤ s ≤ k, where ρI is the function defined by ρI(z) = ρi1(z) = · · · = ρik(z) for z ∈ ΓI ,
d = d(ζ) = dist(ζ,M), σ a monomial in dz1, . . . , dzn, dz1, . . . , dzn, tν = Im Φ(z, ζ, λ
ν) and
dtν = dzIm Φ(z, ζ, λ
ν) with λ1, . . . , λk+1 some points in ∆I∗ which are linearly independent
in Rk+1,
We denote all the constants by C. Then since d(z) ≤ C|ρI(z)| for z ∈ ΓI , we get
‖EIf(ζ)‖ ≤
C‖f‖β
∫
ΓI
|ρI |
−β |σ ∧ dρI∧
s
ν=1dtν |
(|ρI |+ d+ δ + |ζ − z|2)Πsν=1(|tν |+ d+ δ + |ζ − z|
2)1+1/s|ζ − z|2n−k−s−3−ǫ
for all f ∈ Bβ∗ (ΓI) and ζ ∈ D
∗
I . We can use ρI as a coordinate in ΓI and sinceM is generic
the tν ’s can also be used as coordinates, so we obtain that
‖EIf(ζ)‖ ≤
C‖f‖β
∫
y∈R2n−k+1
|y|<c
|y1|
−β dy1 ∧ dy2 ∧ · · · ∧ dy2n−k+1
(|y1|+ d+ δ + |ζ − z|2)Πsν=1(|yν |+ d+ δ + |y|
2)1+1/s|y|2n−k−s−3−ǫ
.
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Since β < 1, we can integrate with respect to y1, which gives
‖EIf(ζ)‖ ≤ C‖f‖β
∫
y∈R2n−k
|y|<c
dy2 ∧ · · · ∧ dy2n−k+1
(d+ δ + |y|2)βΠsν=1(|yν |+ d+ δ + |y|
2)1+1/s|y|2n−k−s−3−ǫ
.
Then integrating with respect to y2, . . . , ys and using spherical coordinates, we have
‖EIf(ζ)‖ ≤ C‖f‖β
∫ C
0
dr
(d+ δ + r2)β+1r−2−ǫ
,
which proves the lemma following the values of ǫ.
In the same way, following again [5], we can prove estimates for the gradient of EIf ,
when EI is an operator of type (m, ǫ, δ) and f ∈ B
β
∗ (ΓI), 0 ≤ β < 1.
Lemma 2.3. If f ∈ Bβ∗ (ΓI), 0 ≤ β < 1, has compact support in D, EI is an operator
of type (m, ǫ, δ) and if ∇ζ is one of the operators
∂
∂ζ1
, . . . , ∂∂ζn or
∂
∂ζ1
, . . . , ∂
∂ζn
, then there
exists a constant C > 0 independent of δ such that for ζ ∈ D∗I
|∇ζEIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
−1/2−β , if ǫ = 0
|∇ζEIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
−1−β , if ǫ = −1
|∇ζEIf(ζ)| ≤ C‖f‖β[dist(ζ,M) + δ]
−β , if ǫ = 1
Using the classical Hardy-Littlewood lemma, we deduce from Lemma 2.2 and Lemma
2.3, the following estimates for the operators C˜I∗ and X
ζ
C
C˜I∗
Proposition 2.4. Let f ∈ Bβ∗ (ΓI), 0 ≤ β < 1, be a form with compact support in D, then
C˜I∗f ∈ C
1/2−β
∗ (D
∗
I ), if 0 ≤ β < 1/2
C˜I∗f ∈ B
β−1/2
∗ (D
∗
I ), if 1/2 ≤ β < 1
and
Xζ
C
C˜I∗f ∈ B
β
∗ (D
∗
I ).
Let us recall Lemma 5.3 and 5.5 from [2]
Lemma 2.5. There exists Y1, . . . , Yk tangential vector fields to M such that for all ζ ∈ U0
and all 1 ≤ i, j ≤ k
Y ζi Φj(ζ, ζ) = δij ,
where δij denotes the Kronecker index.
If Xz is a vector field on D in the variable z, we denote by Xζ the same vector field
in the variable ζ.
Lemma 2.6. Let us fix δ > 0, if Êδ is the kernel of an operator of type (m, ǫ, δ), there
exists η > o such that for (z, ζ) ∈ DI ×D
∗
I with |z − ζ| < η and z 6= ζ we have
XzÊδ = −X
ζÊδ +
(Xz +Xζ)ΦI∗
Y ζλΦI∗
Y ζλ Êδ + Ĝδ, (2.5)
where Ĝδ is a finite sum of kernels associated to operators of type (m, ǫ, δ).
10 C. Laurent-Thie´baut
As regularity is a local problem, let us fix ζ0 in D ∩M and choose a function χ with
compact support such that χ(z) = 1, if |z − ζ0| ≤ η/4, and χ(z) = 0, if |z − ζ0| ≥ η/2,
where η is given by Lemma 2.6.
If f is a continuous form on D∩M and fI a continuous extension of f to ΓI , we write
C˜I∗f(ζ) = C˜I∗(χf)(ζ) + C˜I∗((1 − χ)f)(ζ)
As the singularity of the kernel associated to the operator C˜I∗ is concentrated on the
diagonal, the regularity of the second term, for ζ ∈M with |ζ−ζ0| ≤ η/4, is directly given
by the regularity of this kernel, which is of class C∞ in the first variable z and of class
Cl−2 in the second variable ζ when M is of class Cl.
Theorem 2.7. Assume M is of class Cl. The operator R˜M =
∑
I∈I′(k) sgn(I)C˜I∗ is a
bounded linear operator from Ap+α∗ (D ∩M) into A
p+1+α
∗ (D ∩M) for 0 ≤ p ≤ 2l − 7 and
0 < α < 1.
Proof. Let us first consider the case p = 0. Let f ∈ Aα∗ (D ∩M), i.e. f ∈ C
α/2
∗ (D ∩M),
then there exists, for each I ∈ I ′(k), a continuous form fI on ΓI such that fI |M = f and
XIfI ∈ B
1−α/2
∗ (ΓI), for all vector fields XI tangent to ΓI . From the previous remark we
have only to study C˜I∗(χf)(ζ). Let us denote by C˜
δ
I∗ the operator C˜I∗, in which we have
replaced Φ by Φ + δ. From Lemma 2.6, we get that for all vector fields XI tangent to
ΓI ∪ Γ
∗
I , we have X
ζ
I C˜
δ
I∗χf = C˜
δ
I∗X
z
I χfI + EIχf , where EI is a sum of operators of type
(m, ǫ, δ), ǫ ≥ 0. Let also XC be a complex tangential vector field to M .
We deduce from Lemma 2.2 that, for ζ ∈ Γ∗I ,
|XζI C˜
δ
I∗(χf)(ζ)| ≤ C ‖XI(χfI)‖β [dist(ζ,M) + δ]
(α−1)/2
and
|XζIXCC˜
δ
I∗(χf)(ζ)| ≤ C
′ ‖XIfI‖β [dist(ζ,M) + δ]
α/2−1,
where C and C ′ are constants independent of δ. Moreover XζI C˜
δ
I∗f and X
ζ
IXCC˜
δ
I∗f
converge respectively to XζI C˜I∗f and X
ζ
IXCC˜I∗f uniformly on each compact subset of
Γ∗I , when δ tends to zero. This implies that X
ζ
I C˜I∗f ∈ B
(1−α)/2
∗ (Γ
∗
I) and X
ζ
IXCC˜I∗f ∈
B
1−α/2
∗ (Γ
∗
I) and by the classical Hardy-Littlewood lemma that C˜I∗f ∈ C
(α+1)/2
∗ (D ∩M)
and XCC˜I∗f ∈ C
α/2
∗ (D ∩M), which means that C˜I∗f ∈ A
1+α
∗ (D ∩M). This ends the
proof of this case by definition of the operator RM .
Assume now that p = 1. Let f ∈ A1+α∗ (D ∩ M), i.e. f ∈ C
(1+α)/2
∗ (D ∩ M) and
XCf ∈ A
α
∗ (D ∩M), where XC is complex tangent to M .
If we proceed as in the case p = 0, but using Lemma 2.3 at the place of Lemma 2.2, we
can prove that, for each I ∈ I ′(k) and each vector field X tangent to M , ∇ζC˜I∗(χX
zf) ∈
B
1−α/2
∗ (D
∗
I ), which implies by the classical Hardy-Littlewood lemma that C˜I∗(χX
zf) ∈
C
α/2
∗ (D ∩M).
Using the case p = 0, we get that if XCf ∈ A
α
∗ (D ∩M), then R˜MχXCf ∈ A
1+α
∗ (D ∩
M). Moreover it follows from the proof of Theorem 5.6 in [2] that if XCf is continuous
then XCR˜M (χf) and R˜MχXCf have the same regularity, consequently XCR˜M (χf) ∈
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A1+α∗ (D ∩ M). By definition of the space A
2+α
∗ (D ∩ M), we have then proved that
R˜M (χf) ∈ A
2+α
∗ (D ∩M).
Since by the proof of Theorem 5.6 in [2], if Xf is continuous for any vector field X
tangent to M , then XR˜Mf and R˜MχXf have the same regularity, the theorem follows
for p ≥ 2, by a simple induction, from the definition of the spaces Ap+α∗ (D ∩M).
Remark 2.8. Note that if we exchange the role played by the variables z and ζ in the
operator R˜M , then Theorem 2.7 is valid for 0 ≤ p ≤ 2l − 6
Theorem 2.7 implies better regularity properties for the operators involve in Proposi-
tion 1.1 and Theorem 1.2.
Corollary 2.9. Under the hypotheses of Proposition 1.1 and Theorem 1.2, the operators
Tr, 1 ≤ r ≤ q and n−k−q+1 ≤ r ≤ n−k, in Proposition 1.1 are bounded linear operators
from Ap+αn,r (M) into A
p+1+α
n,r−1 (U) and the operators Ar, 1 ≤ r ≤ q and n− k − q + 1 ≤ r ≤
n−k, in Theorem 1.2 are bounded linear operators from Ap+αn,r (M,E) into A
p+1+α
n,r−1 (M,E).
Proof. Since the operators Tr from Proposition 1.1 are defined as the restrictions to
C0n,r(M) of the operators R˜M , if 1 ≤ r ≤ q−1, and as the restrictions to C
0
n,r(M) of the op-
erators R˜M after exchanging the variables z and ζ in the kernels, if n−k−q+1 ≤ r ≤ n−k,
they are in fact bounded from Ap+αn,r (M) into A
p+1+α
n,r−1 (U ).
Assume M is a compact q-concave generic CR submanifold of a complex manifold X
and E is an holomorphic vector bundle on X. Let us go back to the construction of the
global operators Ar (cf. [7] and [3]). First by globalizing the homotopy formula 1.2 by
mean of a partition of unity, one get new linear operators T˜r bounded from A
p+α
n,r (M,E)
into Ap+1+αn,r−1 (M,E) and Kr bounded from A
p+α
n,r (M,E) into A
p+1+α
n,r (M,E) such that
f+Krf =
{
T˜1∂bf if r = 0 ,
∂bT˜rf + T˜r+1∂bf if 1 ≤ r ≤ r − 1 or n− k − q + 1 ≤ r ≤ n− k .
(2.6)
From functional analysis arguments we get linear operators T ′r, 1 ≤ r ≤ q and n−k−q+1 ≤
r ≤ n − k, bounded from C0n,r(M,E) into C
∞
n,r−1(M,E) and K
′
r, 0 ≤ r ≤ q − 1 and
n− k − q + 1 ≤ r ≤ n− k, bounded from C0n,r(M,E) into C
∞
n,r(M,E) such that if
Nr = I +Kr +K
′
r (2.7)
then
C0n,r(M,E) = ImNr ⊕KerNr, KerNr ⊂ C
∞
n,r(M,E).
We set N̂r = Nr+Pr = I+Rr, where Pr denotes the linear projection with ImPr = KerNr
and KerPr = ImNr. The operator Rr is continuous from A
p+α
n,r (M,E) into A
p+1+α
n,r (M,E)
and hence compact as an endomorphism of Ap+αn,r (M,E). Consequently N̂r |
A
p+α
n,r (M,E)
is a
Fredholm endomorphism with index 0 and as KerN̂r = {0}, it is an isomorphism. Moreover
N̂−1r = I − RrN̂
−1
r , this implies that N̂
−1
r |
A
p+1+α
n,r (M,E)
is a continuous endomorphism of
Ap+1+αn,r (M,E). The operators Ar are then defined by
Ar =
{
N̂−1r−1(Tr + T
′
r) , 1 ≤ r ≤ q
(Tr + T
′
r)N̂
−1
r , n− k − q + 1 ≤ r ≤ n− k ,
(2.8)
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and hence continuous from Ap+αn,r (M,E) into A
p+1+α
n,r (M,E).
3 Second anisotropic estimates
When they studied the tangential Cauchy-Riemann complex on the Heisenberg group and
more generally on strictly pseudoconvex CR manifolds, Folland and Stein have introduced
some anisotropic Ho¨lder spaces.
Let M be a generic CR manifold of class C3 and of real codimension k in a complex
manifold X of complex dimension n and D be a relatively compact domain in X. Let
X1, . . . ,X2n−2k be a real basis of HM . A C
1 curve γ : [0, r]→M is called admissible if
for every t ∈ [0, r],
dγ
dt
(t) =
2n−2k∑
j=1
cj(t)Xj(γ(t))
where
∑
|cj(t)|
2 ≤ 1.
The Folland-Stein anisotropic Ho¨lder spaces Γp+α(D∩M) are defined in the following
way:
- Γα(D ∩M), 0 < α < 1, is the set of continuous fonctions in D ∩M such that if for
every x0 ∈ D ∩M
sup
γ(.)
|f(γ(t)− f(x0)|
|t|α
<∞
for any admissible complex tangent curve γ through x0.
- Γp+α(D ∩M), p ≥ 1, 0 < α < 1, is the set of continuous fonctions in M such that
XCf ∈ Γ
p−1+α(D ∩M), for all complex tangent vector fields XC to M .
If M is q-concave, q ≥ 1, the complex tangent vector fields and their first Lie brackets
generates all the vector fields in a neighborhood of each point. Associated with the vector
fields X1, . . . ,X2n−2k we define a distance function dist(x, y) for any x, y ∈ M to be the
infimum of the set of all r for which there exists an admissible curve with γ(0) = x and
γ(r) = y. This distance function defines a family of nonisotropic balls Br(x0) = {x ∈
M | dist(x0, x) < r} for each point x0 ∈ M . Let T1, . . . , Tk be k real vector fields such
that X1, . . . ,X2n−2k, T1, . . . , Tk span the whole tangent space in a neighborhood of x0.
Then for r sufficiently small, the ball Br(x0) has length comparable to r in the direction
of X1, . . . ,X2n−2k and length comparable to r
2 in the direction of T1, . . . , Tk (cf. [8]).
A function u belongs to Γα(D ∩M) if u is continuous on D ∩M and
|u(x)− u(y)| ≤ C(dist(x, y))α for every x, y ∈ D ∩M
The Folland-Stein anisotropic Ho¨lder space of forms Γp+α∗ (D ∩M), p ≥ 0, 0 < α < 1,
is then the space of continuous forms on D ∩M , whose coefficients are in Γp+α(D ∩M).
We will now prove sharp estimates for the operators C˜I∗, I ∈ I
′(k), defined in Section
2 with respect to these spaces, for this we may assume that M is embedded in Cn.
Proposition 3.1. Assume M is of class C∞ then the operators C˜I∗, I ∈ I
′(k), are
continuous from Γp+α∗ (D ∩M) into Γ
p+1+α
∗ (D ∩M), p ≥ 0.
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Remark 3.2. Note that in fact to get Propositon 3.1 for some p the manifold M needs
only to be of class Cp+4 and to be of class Cp+2 if we exchange the role of z and ζ in the
kernel CI∗.
Proof. For f ∈ Cn,r(D), 0 ≤ r ≤ n− k, we set
F (ζ) = C˜I∗f(ζ) =
∫
z∈D∩M
f(z) ∧ CI∗(z, ζ) =
∫
(z,λ)∈D∩M×∆I∗
f(z) ∧KI∗(z, ζ, λ).
Without loss of generality we can assume that f = f˜θ with f˜ ∈ C0,0(D) and θ ∈
C∞n,r(D). We set ψ(ζ) = C˜I∗θ(ζ), the differential form ψ is then of class C
∞ (cf. Section 5
in [2]) and for ζ1 and ζ2 in D
F (ζ1)−F (ζ2) =
∫
z∈D∩M
(f˜(z)− f˜(ζ1))θ(z)∧(CI∗(z, ζ1)−CI∗(z, ζ2)+ f˜(ζ1)(ψ(ζ1)−ψ(ζ2)).
We first concider the case where p = 0. Let γ be an admissible curve with γ(0) = ζ1
and γ(r) = ζ2 we have to estimate
d(F◦γ)
dt (0)−
d(F◦γ)
dt (r) when f˜ ∈ Γ
α(D ∩M). We have
d(F ◦ γ)
dt
(0) −
d(F ◦ γ)
dt
(r)
=
∫
z∈D∩M
(f˜(z) − f˜(γ(0)))θ(z) ∧ (
dCI∗(z, γ(.))
dt
(0)−
dCI∗(z, γ(.))
dt
(r))
+ f˜(γ(0))(
dψ ◦ γ
dt
(0)−
dψ ◦ γ
dt
(r)).
We set D1 = {z ∈ D ∩M | |z − ζ1| ≤ 2|ζ1 − ζ2|} and D2 = {z ∈ D ∩M | |z − ζ1| ≥
2|ζ1 − ζ2|} then D ∩M = D1 ∪D2. We then have
|
d(F ◦ γ)
dt
(0)−
d(F ◦ γ)
dt
(r)| ≤ J1 + J2 + |f˜(γ(0))(
dψ ◦ γ
dt
(0) −
dψ ◦ γ
dt
(r))|
where
J1 = |
∫
z∈D1
(f˜(z) − f˜(γ(0)))θ(z) ∧
(dCI∗(z, γ(.))
dt
(0)−
dCI∗(z, γ(.))
dt
(r)
)
|
≤
∫
z∈D1
|f˜(z)− f˜(γ(0))||θ(z)| ∧ |
dCI∗(z, γ(.))
dt
(0)|
+
∫
z∈D1
|f˜(z)− f˜(γ(r))||θ(z)| ∧ |
dCI∗(z, γ(.))
dt
(r)|
+ |f˜(γ(0)) − f˜(γ(r))|
∫
z∈D1
|θ(z)| ∧ |
dCI∗(z, γ(.))
dt
(r)|.
(3.1)
and
J2 = |
∫
z∈D2
(f˜(z)− f˜(γ(0)))θ(z) ∧ (
dCI∗(z, γ(.))
dt
(0)−
dCI∗(z, γ(.))
dt
(r))|
≤
∫
z∈D2
|f˜(z)− f˜(γ(0))||θ(z)| ∧ |
dCI∗(z, γ(.))
dt
(0)−
dCI∗(z, γ(.))
dt
(r)|.
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Let us first consider J1. The last term in (3.1) is clearly controlled by C‖f˜‖Γαr
α and
both other integral terms in (3.1) are of the same type.
Note that since γ is a complex tangent curve dCI∗(z,γ(.))dt (s), s = 0, r, involves only
complex tangential derivatives of the part of degree k in λ of the kernel KI∗(z, ζ, λ). As
Xζ
C
φ(z, ζ, λ) = O1 the coefficients of these derivatives are sums of terms of type
Ok−m
φn ,
0 ≤ m ≤ k. Moreover the first order terms in Φ(z, ζ, λ) are equivalent to the distance of
z and ζ in the real tangential directions transverse to the complex tangent space (i.e. in
the directions span by T1, . . . , Tk for a good choice of T1, . . . , Tk). Therefore [dist(z, ζ)]
2 =
O(|Φ(z, ζ, λ)|) and if f˜ ∈ Γα(D ∩M) we get for s = 0, r
|f˜(z)− f˜(γ(s))| = O(|Φ(z, γ(s), λ)|α/2).
The same calculations as in Section 5.1 of [2] lead to the estimate
J1 ≤ C‖f˜‖Γαr
α.
To estimate J2, it follows from Section 5.1 of [2] that the main point is to control the
difference
1
Φ(z, γ(0), λ)
−
1
Φ(z, γ(r), λ)
.
Since [dζΦ(z, γ(t), λ).γ
′(t)]|t=r = O1 we have
|
1
Φ(z, γ(0), λ)
−
1
Φ(z, γ(r), λ)
| ≤ C
n−1∑
p=0
|γ(0) − γ(r)|O1 + |γ(0) − γ(r)|
2O0
|Φn−p(z, γ(0), λ)||Φp+1(z, γ(r), λ)|
.
As for J1 following the estimations in Section 5.1 of [2] we get
J2 ≤ C‖f˜‖Γαr
α
and finally
|
d(F ◦ γ)
dt
(0) −
d(F ◦ γ)
dt
(r)| ≤ C‖f˜‖Γαr
α
since f˜ is bounded and ψ is of class C1.
Using Lemma 2.6 we can derive the case p ≥ 1 from the case p = 0 in the same way
as in the previous section and in Section 5.2 in [2].
It follows from Proposition 3.1 and from the definition of the operators Tr and Ar,
1 ≤ r ≤ q and n − k − q + 1 ≤ r ≤ n− k, from Section 1 that Corollary 2.9 still holds if
we replace the spaces Ap+αn,r (M) and A
p+1+α
n,r−1 (U) by the spaces Γ
p+α
n,r (M) and Γ
p+1+α
n,r−1 (U)
respectively and the spaces Ap+αn,r (M,E) and A
p+1+α
n,r−1 (M,E) by the spaces Γ
p+α
n,r (M,E)
and Γp+1+αn,r−1 (M,E) respectively.
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